Abstract. In this paper, we first summarise the progress for the famous Chern conjecture, and then we consider n-dimensional closed hypersurfaces with constant mean curvature H in the unit sphere ‫ޓ‬ . In order to be precise, we prove that if |H| ≤ ε(n), then there exists a constant δ(n, H) > 0, which depends only on n and H, such that if S 0 ≤ S ≤ S 0 + δ(n, H), then S = S 0 and M is isometric to the Clifford hypersurface, where ε(n) is a sufficiently small constant depending on n.
From Theorem 1.1, we immediately conclude that if 0 ≤ S ≤ n, then either S ≡ 0 or S ≡ n. The latter case was independently characterised by Chern et al. [7] and Lawson [9] . THEOREM 1.2 (7, 9) . The Clifford tori are the only closed minimal hypersurfaces in ‫ޓ‬ n+1 with S = n.
According to the example given by Cartan [3] , the next value of S may be 2n. Peng and Terng [11] considered the next value of S and proved the following theorem. Moreover, for the case of n = 3, Peng-Terng obtained the following sharp result.
THEOREM 1.4 ([11]
). Let M 3 be a closed minimal hypersurface in ‫ޓ‬ 4 with S = constant. If S > 3, then S ≥ 6. Moreover, S = 6 is assumed in the examples of Cartan [3] and Hsiang [8] .
Chang [5] proved the following classification theorem for n = 3. Thus, the Chern conjecture [7] is right for n = 3. THEOREM 1.5 (Chang's Classification Theorem [5] 
By using the method of Cheng-Yang and by carefully estimation, Suh-Yang [15] improved Cheng-Yang's result as follows.
Until now, we still have the following open problem.
If we do not add the condition that M n has constant scalar curvature, then the following is obtained. 
In [16] , Wei and Xu improved the above theorem from n ≤ 5 to n ≤ 7, and then Zhang [20] extented it to n ≤ 8.
Constant mean curvature hypersurfaces in ‫ޓ‬
n+1 . For constant mean curvature hypersurfaces in ‫ޓ‬ n+1 , we will prove the following theorem, which is corresponding to Theorem 1.10. 
12. In [6] , Cheng et al. proved the above theorem for n ≤ 7.
Basic formulas for closed hypersurfaces with constant mean curvature H in ‫ޓ‬
n+1 (1) . In this section we recall basic formulas for closed hypersurfaces with constant mean curvature H in ‫ޓ‬ n+1 (1) , which can be found in [6] . Let M n be an n-dimensional closed hypersurface with constant mean curvature H in ‫ޓ‬ n+1 (1) . Then we choose a local orthonormal frame field {e 1 , e 2 , . . . , e n , e n+1 } such that {e 1 , e 2 , . . . , e n } is tangent to M n when restricted to M n . Let h ij and H denote the second fundamental form and mean curvature, respectively. Denote
Denote by h ijk and h ijkl components of the first and second covariant derivatives of the second fundamental form, respectively. For an arbitrary fixed point p ∈ M, we take orthonormal frames such that h ij = λ i δ ij at p, for all i, j. Then at this point p, we have
We define A, B by
Then by some computation, we have the following formulas:
2) 
Proof. Consider the function
Then by direct computation, we can obtain
According to the method of Lagrange multipliers, we solve the equations
and obtain 
we have
where
then by setting a ij = u iijj , we have 
Proof. Let 
